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STICKINESS OF KAM TORI FOR HIGHER DIMENSIONAL
BEAM EQUATION
XIUCUI SONG* AND HONGZI CONG**
Abstract. This paper is concerned with the stickiness of invariant tori ob-
tained by KAM technics (so-called KAM tori) for higher dimensional beam
equation. We prove that the KAM tori are sticky, i.e. the solutions starting
in the δ-neighborhood of KAM torus still stay close to the KAM torus for a
polynomial long time such as |t| ≤ δ−M with any M ≥ 0, by constructing a
partial normal form of higher order, which satisfies p-tame property, around
the KAM torus.
1. Introduction and main results
1.1. Introduction and main results. Since 1990’s, KAM theory and Nekhoro-
shev theorem have a great development for infinite-dimensional Hamiltonian sys-
tems. See [34],[17]-[20],[22],[24],[39],[33]-[31],[25],[5] and [6]-[13],[14],[21],[23],[30] for
example. KAM theory concerns the preservation and linear stability of a majority
of the non-resonant invariant tori (so-called KAM tori), and Nekhoroshev theo-
rem concerns exponential lower bounds for the stability time (so-called effective
stability). Note that the trajectories lying in KAM tori clearly have an infinite
stability time (so-called perpetual stability). Therefore one can also expect that,
for a trajectory starting near a KAM torus, the stability time is much larger than
the one predicted by Nekhoroshev theorem (so-called stickiness). For finite dimen-
sional Hamiltonian systems, results concerning this ‘stickiness’ of KAM tori have
been obtained in [3]-[1]. It is a natural question of the effective stability of the tori
for infinite dimensional Hamiltonian systems. Recently, such a result about the
long time stability for nonlinear Schro¨dinger equation and nonlinear wave equation
has been given in [15] and [16]. The basic idea is that due to the suitable p-tame
property, which generalized the key idea in [9], and constructing a partial normal
form of higher order, and then one can show that the solution, which starts in the
δ-neighbourhood of a KAM torus, still stays in the δ-neighbourhood of the KAM
torus in a polynomial long time.
In this paper, we consider d-dimensional (d ≥ 1) beam equation
(1.1) utt + (−△+Mξ)2u+ εf(u) = 0, x ∈ Td,
where Mξ is a real Fourier multiplier defined by
Mξφj(x) = ξjφj(x),
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with ξ = (ξj)j∈Zd ∈ Π ⊂ RZd and
φj(x) =
1
(2π)d/2
e
√−1〈j,x〉,
and f(u) is a real-analytic function near u = 0 with f(0) = f ′(0) = 0. For most
of ξ ∈ Π and sufficiently small ε, the existence of KAM tori of equation (1.1) was
given in [27] (d = 1 and Mξ is replaced by a fixed constant potential m), [28]
(d ≥ 1), [29] (d ≥ 1, Mξ is replaced by a constant potential m and m is considered
as a parameter) and [40] (d ≥ 1, Mξ is replaced by a fixed constant potential m)
respectively. However, there is nothing known about the long time stability about
the KAM tori for equation (1.1). In the present paper, we will prove that ”most”
of KAM tori for equation (1.1) are sticky. More precisely, we have the following
theorem:
Theorem 1.1. Consider the higher dimensional beam equation
utt + (−△+Mξ)2u+ εf(u) = 0, x ∈ Td.
There exists a large subset Π˜ ⊂ Π, such that for each ξ ∈ Π˜ the KAM torus Tξ
of equation (1.1) is stable in long time. Precisely, for arbitrarily given M with
0 ≤M ≤ C(ε) (where C(ε) is a constant depending on ε and C(ε)→∞ as ε→ 0)
and p ≥ 8(M+7)4+1, there is a small positive δ0 depending on n, p and M, such
that for any 0 < δ < δ0 and any solution u(t, x) of equation (1.1) with the initial
datum satisfying
dHp(Td)(u(0, x), Tξ) := inf
w∈Tξ
||u(0, x)− w||Hp(Td) ≤ δ,
then
dHp(Td)(u(t, x), Tξ) := inf
w∈Tξ
||u(t, x)− w||Hp(Td) ≤ 2δ, for all |t| ≤ δ−M.
1.2. Further discussion. As the paper [9] says, the key points to prove the long
time stability result are: one is that to define a suitable p-tame property (p-tame
norm) and to prove the p-tame property persistence under normal form iterative
(some estimates about p-tame norm); the other is that some nonresonant conditions
should be satisfied.
Following the idea in [16] (or [15]), it is easy to define the suitable p-tame norm
and show the p-tame property persists under KAM iterative procedure and normal
form iterative procedure. However it is not obvious that the nonresonant conditions
hold true, since the eigenvalues of Laplacian operator are multiple with d ≥ 1
under periodic boundary conditions. We overcome this difficulty by the observation
that there are some symmetry in the nonlinearity (see (3.4) and (3.5)) and the
regularity in the nonlinearity (see the definition of p-tame norm (2.6) where noting
⌊JWz⌉D(s,r)×Π is an operator form ℓ2b,p to ℓ2b,p+2), which is actually used in [28]
where a normal form of order 2 is given. To obtain a partial normal form of high
order, one has to face a more complicated small divisor problem. After a careful
calculation, we prove that the nonresonant conditions are satisfied. Finally, we point
out that the method in our paper can not be applied to deal with the problem of the
long time stability of KAM tori for d-dimensional nonlinear Schro¨dinger equation
due to lack of the regularity in the nonlinear.
The paper is organized as follows. In section 2, we give some basic notations and
definitions of p-tame norm for a Hamiltonian vector field. In section 3, we construct
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a norm form of order 2, which satisfies p-tame property, around the KAM tori based
on the standard KAMmethod (see Theorem 3.1), and a partial normal form of order
M+2 in the neighbourhood of the KAM tori (see Theorem 3.4). Since the iterative
procedure is parallel to [15], we only prove the measure estimate in detail. Finally,
due to the partial normal form of order M + 2 and p-tame property, we show the
KAM tori are stable in a long time (see Theorem3.5). In section 4, we finish the
proof of Theorem 1.1. In section 5, we give the proof of the measure estimate. In
section 6, we list some properties of p-tame norm. these properties are used in the
proof of Theorem 3.1 and Theorem 3.4 to ensure the p-tame property surviving
under KAM iterative procedure and normal form iterative procedure.
2. The definition of p-tame norm for a Hamiltonian vector field
We will define p-tame norm for a Hamiltonian vector field as in [15] in this
section. First we introduce the functional setting and the main notations concerning
infinite dimensional Hamiltonian systems. Given n ≥ 1, let S = {j1, . . . , jn} ⊂ Zd
and Zd1 := Z
d \ S. Consider the Hilbert space of complex-valued sequences
ℓ2p :=
q = (qj)j∈Zd1
∣∣∣∣ ‖ q ‖2p:= ∑
j∈Zd1
|qj|2|j|2p2 < +∞

with p > d and
|j|2 =
√
|j1|2 + · · ·+ |jd|2, j = (j1, . . . , jd) ∈ Zd1,
and the symplectic phase space
(x, y, z) ∈ Tns × Cn × ℓ2b,p := Pp, z := (q, q¯) ∈ ℓ2b,p := ℓ2p × ℓ2p,
where Tns is the complex open s-neighbourhood of the n-torus T
n := Rn/(2πZ)n,
equipped with the canonic symplectic structure:
n∑
i=1
dyi ∧ dxi +
√−1
∑
j∈Zd1
dqj ∧ dq¯j.
Let
D(s, r1, r2) =
{
(x, y, z) ∈ Pp∣∣ ‖ Im x ‖< s, ‖ y ‖< r21 , ‖ z ‖p< r2} ,
where ‖ · ‖ denote the sup-norm for complex vectors and
‖ z ‖p=‖ q ‖p + ‖ q¯ ‖p, with z = (q, q¯).
Any analytic functionW : D(s, r1, r2)→ C can be developed in a totally convergent
power series:
W (x, y, z) =
∑
α∈Nn,β∈NZd1
Wαβ(x)yαzβ.
Note that there is a multilinear, symmetric, bounded map
W˜αβ(x) ∈ L
 |α|−times︷ ︸︸ ︷Cn × · · · × Cn×
|β|−times︷ ︸︸ ︷
ℓ2b,p × · · · × ℓ2b,p,C
 ,
such that
W˜αβ(x)(
|α|−times︷ ︸︸ ︷
y, . . . , y ,
|β|−times︷ ︸︸ ︷
z. . . . , z ) = Wαβ(x)yαzβ,
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where
|α| =
n∑
i=1
|αi|,
and
|β| =
∑
j∈Zd1
|βj|,
and | · | denotes the 1-norm here and below.
We will study the Hamiltonian system
(x˙, y˙, z˙) = XW (x, y, z),
where XW is the Hamiltonian vector field of W ,
XW = (Wy ,−Wx,
√−1JWz),
and
J :=
(
0 I
−I 0
)
.
Definition 2.1. Let D(s) = {x ∈ Tns | ‖ Imx ‖< s}. Consider a function W (x; ξ) :
D(s)×Π→ C is analytic in the variable x ∈ D(s) and C1-smooth in the parameter
ξ ∈ Π in the Whitney’s sense1, and the Fourier series of W (x; ξ) is given by
W (x; ξ) =
∑
k∈Zn
Ŵ (k; ξ)e
√−1〈k,x〉,
where
Ŵ (k; ξ) :=
1
(2π)n
∫
Tn
W (x; ξ)e−
√−1〈k,x〉dx
is the k-th Fourier coefficient of W (x; ξ), and 〈·, ·〉 denotes the usual inner product,
i.e.
〈k, x〉 =
n∑
i=1
kixi.
Then define the norm ‖ · ‖D(s)×Π of W (x; ξ) by
(2.1) ‖W ‖D(s)×Π= sup
ξ∈Π,j∈Zd
∑
k∈Zn
(
|Ŵ (k; ξ)|+ |∂ξjŴ (k; ξ)|
)
e|k|s.
Definition 2.2. Let
D(s, r) = {(x, y) ∈ Tns × Cn| ‖ Im x ‖< s, ‖ y ‖< r2}.
Consider a function W (x, y; ξ) : D(s, r)×Π→ C is analytic in the variable (x, y) ∈
D(s, r) and C1-smooth in the parameter ξ ∈ Π with the following form
W (x, y; ξ) =
∑
α∈Nn
Wα(x; ξ)yα.
Then define the norm ‖ · ‖D(s,r)×Π of W (x, y; ξ) by
(2.2) ‖W ‖D(s,r)×Π=
∑
α∈Nn
|||W˜α||| r2|α|,
1In the whole of this paper, the derivatives with respect to the parameter ξ ∈ Π are understood
in the sense of Whitney.
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where Wα =‖ Wα(x; ξ) ‖D(s)×Π, W˜α ∈ L(
|α|−times︷ ︸︸ ︷
Cn × · · · × Cn,C) is an |α|-linear sym-
metric bounded map such that
W˜α(
|α|−times︷ ︸︸ ︷
y, . . . , y ) =Wαyα,
and ||| · ||| is the operator norm of multilinear symmetric bounded maps.
Definition 2.3. Consider a function W (x, y, z; ξ) : D(s, r, r) × Π → C is analytic
in the variable (x, y, z) ∈ D(s, r, r) and C1-smooth in the parameter ξ ∈ Π with the
following form
W (x, y, z; ξ) =
∑
β∈NZd1
W β(x, y; ξ)zβ .
Define the modulus ⌊W ⌉D(s,r)×Π(z) of W (x, y, z; ξ) by
(2.3) ⌊W ⌉D(s,r)×Π(z) :=
∑
β∈NZd1
‖W β ‖D(s,r)×Π zβ.
For h ≥ 1, let
(2.4) ‖ (zh) ‖p,d:= 1
h
h∑
i=1
‖ z(1) ‖d · · · ‖ z(i−1) ‖d‖ z(i) ‖p‖ z(i+1) ‖d · · · ‖ z(h) ‖d .
Remark 2.4. For h = 1, it is easy to see that
(2.5) ‖ (zh) ‖p,d=‖ z ‖p .
Definition 2.5. (p-tame norm for a homogeneous Hamiltonian)
Let
W (x, y, z; ξ) :=Wh(x, y, z; ξ) =
∑
β∈NZd1 ,|β|=h
W βh (x, y; ξ)z
β
be a function is analytic in the variable (x, y, z) ∈ D(s, r, r) and C1-smooth in the
parameter ξ ∈ Π. Define the p-tame operator norm for Wz by
|||Wz |||Tp,D(s,r)×Π
:= sup
06=z(i)∈ℓ2
b,p
,1≤i≤h−1
‖ ⌊J˜Wz⌉D(s,r)×Π(z(1), . . . , z(h−1)) ‖p+2
‖ (zh−1) ‖p,d , h ≥ 2,(2.6)
and
(2.7) |||Wz |||Tp,D(s,r)×Π := sup
06=z∈ℓ2
b,p
‖ ⌊J˜Wz⌉D(s,r)×Π(z) ‖p+2, h = 0, 1,
define the d-operator norm for Wz by
|||Wz |||d,D(s,r)×Π
:= sup
06=z(j)∈ℓ2
b,d
,1≤i≤h−1
‖ ⌊J˜Wz⌉D(s,r)×Π(z(1), . . . , z(h−1)) ‖d
‖ (zh−1) ‖d,d , h ≥ 2,(2.8)
and
(2.9) |||Wz |||d,D(s,r)×Π := sup
06=z∈ℓ2
b,d
‖ ⌊J˜Wz⌉D(s,r)×Π(z) ‖d, h = 0, 1,
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and define the operator norm for Wv (v = x or y) by
|||Wv|||D(s,r)×Π
:= sup
06=z(i)∈ℓ2
b,d
,1≤i≤h
‖ ⌊W˜v⌉D(s,r)×Π(z(1), . . . , z(h)) ‖
‖ (zh) ‖d,d , h ≥ 1,(2.10)
and
(2.11) |||Wv|||D(s,r)×Π := sup
06=z∈ℓ2
b,d
‖ ⌊W˜v⌉D(s,r)×Π(z) ‖, h = 0.
Finally define the p-tame norm of the Hamiltonian vector field XW as follows,
|||XW |||Tp,D(s,r,r)×Π
:= |||Wy |||D(s,r,r)×Π + 1
r2
|||Wx|||D(s,r,r)×Π + 1
r
|||Wz |||Tp,D(s,r,r)×Π,(2.12)
where
|||Wv|||D(s,r,r)×Π := |||Wv|||D(s,r)×Πrh, v = x or y,(2.13)
and
(2.14) |||Wz |||Tp,D(s,r,r)×Π := max
{
|||Wz |||Tp,D(s,r)×Π, |||Wz |||d,D(s,r)×Π
}
rh−1.
Remark 2.6. In view of (2.6), ⌊JWz⌉D(s,r)×Π is required as a bounded map form
ℓ2b,p to ℓ
2
b,p+2 instead of a bounded map form ℓ
2
b,p to ℓ
2
b,p as in [15]. This regularity
is necessary to guarantee KAM iterative procedure work for the spacial dimension
d ≥ 2 (not necessary for d = 1).
Remark 2.7. Based on (2.6) and (2.10) in Definition 2.5, for each (x, y, z) ∈ Pp and
ξ ∈ Π, the following estimates hold
‖ (Wh)z(x, y, z; ξ) ‖p
≤ ‖ (Wh)z(x, y, z; ξ) ‖p+2
≤ |||(Wh)z |||Tp,D(s,r)×Π ‖ z ‖p‖ z ‖max{h−2,0}d , h ≥ 2,(2.15)
and
(2.16) ||(Wh)v(x, y, z; ξ)|| ≤ |||(Wh)v|||D(s,r)×Π ‖ z ‖hd , h ≥ 1.
Definition 2.8. (p-tame norm for a general Hamiltonian)
Let W (x, y, z; ξ) =
∑
h≥0Wh(x, y, z; ξ) be a Hamiltonian analytic in the variable
(x, y, z) ∈ D(s, r, r) and C1-smooth in the parameter ξ ∈ Π, where
Wh(x, y, z; ξ) =
∑
β∈NZd1 ,|β|=h
W βh (x, y; ξ)z
β.
Then define the p-tame norm of the Hamiltonian vector field XW by
(2.17) |||XW |||Tp,D(s,r,r)×Π :=
∑
h≥0
|||XWh |||Tp,D(s,r,r)×Π.
Moreover, we say that a Hamiltonian vector fieldXW (or a HamiltonianW (x, y, z; ξ))
has p-tame property on the domain D(s, r, r)×Π, if and only if
|||XW |||Tp,D(s,r,r)×Π <∞.
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3. The abstract results
Theorem 3.1. (Normal form of order 2) Consider a perturbation of the integrable
Hamiltonian
(3.1) H(x, y, q, q¯; ξ) = N(y, q, q¯; ξ) +R(x, y, q, q¯; ξ)
defined on the domain D(s0, r0, r0)×Π with s0, r0 ∈ (0, 1], where
N(y, q, q¯; ξ) =
n∑
i=1
ωi(ξ)yi +
∑
j∈Zd1
Ωj(ξ)qjq¯j
is a family of parameter dependent integrable Hamiltonian and
R(x, y, q, q¯; ξ) =
∑
α∈Nn,β,γ∈NZd1
Rαβγ(x; ξ)yαqβ q¯γ
is the perturbation. Suppose the tangent frequency and normal frequency satisfy the
following assumption:
(1) Frequency Asymptotic.
(3.2) ωi(ξ) = |ji|22 + ξji , 1 ≤ i ≤ n,
and
(3.3) Ωj(ξ) = |j|22 + ξj for j ∈ Zd1,
where
ξ = ((ξj)j∈Zd) ∈ Π ⊂ RZ
d
.
(2) Tame Property and smallness conditions. The perturbation R(x, y, q, q¯; ξ)
has p-tame property on the domain D(s0, r0, r0)×Π and satisfies the small
assumption:
ε := |||XR|||Tp,D(s0,r0,r0)×Π ≤ η12ǫ, for some η ∈ (0, 1),
where ǫ is a positive constant depending on s0, r0 and n.
(3) Spacial form of perturbation. The perturbation R(x, y, q, q¯; ξ) is taken from
a special class of analytic functions
(3.4) A =
R : R =
∑
k∈Zn,α∈Nn,β,γ∈NZd1
R̂(k; ξ)yαqβ q¯γ
 ,
where k, α, β has the following relation
(3.5)
n∑
i=1
kiji +
∑
j∈Zd1
(βj − γj)j = 0.
Then there exists a subset Πη ⊂ Π with the estimate
Meas Πη ≥ (Meas Π)(1−O(η)).
For each ξ ∈ Πη, there is a symplectic map
Ψ : D(s0/2, r0/2, r0/2)→ D(s0, r0, r0),
such that
(3.6) H˘(x, y, q, q¯; ξ) := H ◦Ψ = N˘(y, q, q¯; ξ) + R˘(x, y, q, q¯; ξ),
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where
(3.7) N˘(y, q, q¯; ξ) =
n∑
i=1
ω˘i(ξ)yi +
∑
j∈Zd1
Ω˘j(ξ)qjq¯j
and
(3.8) R˘(x, y, q, q¯; ξ) =
∑
α∈Nn,β,γ∈NZd1 ,2|α|+|β|+|γ|≥3
R˘αβγ(x; ξ)yαqβ q¯γ .
Moreover, the following estimates hold:
(1) for each ξ ∈ Πη, the symplectic map Ψ : D(s0/2, r0/2, r0/2) → D(s0, r0, r0)
satisfies
(3.9) ‖ Ψ− id ‖p,D(s0/2,r0/2,r0/2)≤ cη6ǫ,
where
(3.10) ‖ Ψ− id ‖p,D(s0/2,r0/2,r0/2)= sup
w∈D(s0/2,r0/2,r0/2)
‖ (Ψ− id)w ‖Pp,D(s0,r0,r0),
moreover,
(3.11) |||DΨ− Id|||p,D(s0/2,r0/2,r0/2) ≤ cη6ǫ,
where on the left-hand side hand we use the operator norm2
|||DΨ− Id|||p,D(s0/2,r0/2,r0/2) = sup
06=w∈D(s0/2,r0/2,r0/2)
‖ (DΨ− Id)w ‖Pp,D(s0,r0,r0)
‖ w ‖Pp,D(s0/2,r0/2,r0/2)
;
(2) the frequencies ω˘(ξ) and Ω˘(ξ) satisfy
(3.12) ‖ ω˘(ξ)− ω(ξ) ‖ + sup
j∈Zd
‖ ∂ξj(ω˘(ξ)− ω(ξ)) ‖≤ cη8ǫ,
and
(3.13) ‖ Ω˘(ξ) − Ω(ξ) ‖−2 + sup
j∈Zd
‖ ∂ξj(Ω˘(ξ)− Ω(ξ)) ‖−2≤ cη8ǫ,
where
(3.14) ‖ Ω(ξ) = (Ωj(ξ))j∈Zd1 ‖−2:= sup
j∈Zd1
|Ωj(ξ)|j|22|;
(3) the Hamiltonian vector field XR˘ of the new perturbed Hamiltonian R˘(x, y, q, q¯; ξ)
satisfies
(3.15) |||XR˘|||Tp,D(s0/2,r0/2,r0/2)×Πη ≤ ε(1 + cη6ǫ),
where c > 0 is a constant depending on s0, r0 and n.
Remark 3.2. This theorem is parallel to Theorem in [15] and is essentially due to
a standard KAM proof. The same as in [15], the tame property (3.15) of XR˘ can
be verified explicitly in view of Lemmas 6.1-6.5. Moreover, as a corollary of this
theorem, the existence and long time stability can be obtained directly.
2where id denotes the identity map from Pp → Pp and Id denotes its tangent map.
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Given a large N ∈ N, split the normal frequency Ω˘(ξ) and normal variable (q, q¯)
into two parts respectively, i.e.
Ω˘(ξ) = (Ω˜(ξ), Ωˆ(ξ)), q = (q˜, qˆ), q¯ = (˜¯q, ˆ¯q),
where
Ω˜(ξ) = (Ω˘j(ξ))|j|2≤N , q˜ = (qj)|j|2≤N , ˜¯q = (q¯j)|j|2≤N
are the low frequencies and
Ωˆ(ξ) = (Ω˘j(ξ))|j|2>N , qˆ = (qj)|j|2>N , ˆ¯q = (q¯j)|j|2>N
are the high frequencies. Given 0 < η˜ < 1, and τ > 2n+ 5, if the frequencies ω˘(ξ)
and Ω˘(ξ) satisfy the following inequalities
(3.16)
∣∣∣〈k, ω˘(ξ)〉+ 〈l˜, Ω˜(ξ)〉+ 〈lˆ, Ωˆ(ξ)〉∣∣∣ ≥ η˜
43M(|k|+ 1)τC(N , l˜) ,
with
|k|+ |l˜|+ |lˆ| 6= 0, |l˜|+ |lˆ| ≤ M + 2, |lˆ| ≤ 2,
where
(3.17) C(N , l˜) = N 3(|l˜|+4)2 ,
then we call that the frequencies ω˘(ξ) and Ω˘(ξ) are (η˜,N ,M)-non-resonant.
Remark 3.3. Denote the resonant set Rkl˜lˆ by
(3.18)
Rkl˜lˆ =
{
ξ ∈ Πη
∣∣∣∣ ∣∣∣〈k, ω˘(ξ)〉 + 〈l˜, Ω˜(ξ)〉 + 〈lˆ, Ωˆ(ξ)〉∣∣∣ < η˜43M(|k|+ 1)τC(N , l˜)
}
,
where Πη is given in Theorem 3.1, and denote
(3.19) R =
⋃
|k|+|l˜|+|lˆ|6=0, |l˜|+|lˆ|≤M+2, |lˆ|≤2
Rkl˜lˆ.
Then for each
(3.20) ξ ∈ Π˜ := Πη \ R,
the frequencies ω˘(ξ) and Ω˘(ξ) are (η˜,N ,M)-non-resonant.
Theorem 3.4. (Partial normal form of order M + 2) Consider the normal form
of order 2
H˘(x, y, q, q¯; ξ) = N˘(y, q, q¯; ξ) + R˘(x, y, q, q¯; ξ)
obtained in Theorem 3.1. Suppose ξ ∈ Π˜, which is defined in (3.20), for some
positive integers N ,M and 0 < η˜ < 1, there exist a small ρ0 > 0 depending on
s0, r0, n, η˜,N and M, and for each 0 < ρ < ρ0, there is a symplectic map
Φ : D(s0/4, 4ρ, 4ρ)→ D(s0/2, 5ρ, 5ρ),
such that
(3.21) H˘ ◦ Φ = N˘(y, q, q¯; ξ) + Z(y, q, q¯; ξ) + P (x, y, q, q¯; ξ) +Q(x, y, q, q¯; ξ)
is a partial normal form of order M+ 2, where
Z(y, q, q¯; ξ) =
∑
4≤2|α|+2|β|+2|µ|≤M+2,|µ|≤1
Zαββµµ(ξ)yαq˜β ˜¯qβ qˆµ ˆ¯qµ
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is the integrable term depending only on y and Ij = |qj|2, j ∈ Zd1, and where
P (x, y, q, q¯; ξ) =
∑
2|α|+|β|+|γ|+|µ|+|ν|≥M+3,|µ|+|ν|≤2
Pαβγµν(x; ξ)yαq˜β ˜¯q
γ
qˆµ ˆ¯qν ,
and
Q(x, y, q, q¯; ξ) =
∑
|µ|+|ν|≥3
Qαβγµν(x; ξ)yαq˜β ˜¯q
γ
qˆµ ˆ¯qν .
Moreover, we have the following estimates:
(1) the symplectic map Φ satisfies
(3.22) ‖ Φ− id ‖p,D(s0/4,4ρ,4ρ)≤
cN 294ρ
η˜2
,
and
(3.23) |||DΦ− Id|||p,D(s0/4,4ρ,4ρ) ≤
cN 294
η˜2
;
(2) the Hamiltonian vector fields XZ , XP and XQ satisfy
|||XZ |||Tp,D(s0/4,4ρ,4ρ)×Π˜ ≤ cρ
(
1
η˜2
N 6(M+6)2ρ
)
,
(3.24) |||XP |||Tp,D(s0/4,4ρ,4ρ)×Π˜ ≤ cρ
(
1
η˜2
N 6(M+7)2ρ
)M
,
and
|||XQ|||Tp,D(s0/4,4ρ,4ρ)×Π˜ ≤ cρ,
where c > 0 is a constant depending on s0, r0, n and M.
Based on the partial normal form of orderM+2 and p-tame property, we obtain
the long time stability of KAM tori as follows:
Theorem 3.5. (The long time stability of KAM tori) Based on the partial normal
form (3.21), for any p ≥ 24(M + 7)4 + 1 and 0 < δ < ρ, the KAM tori T are
stable in long time, i.e. if w(t) is a solution of Hamiltonian vector field XH with
the initial datum w(0) = (wx(0), wy(0), wq(0), wq¯(0)) satisfying
dp(w(0), T ) ≤ δ,
then
(3.25) dp(w(t), T ) ≤ 2δ, for all |t| ≤ δ−M.
4. Proof of Theorem 1.1
Proof. Firstly, write equation (1.1) as an infinite dimensional Hamiltonian system.
Here we assume that the operator A = −△+Mξ with periodic boundary con-
ditions has eigenvalues λj satisfying
λj = |j|22 + ξj, j ∈ Zd,(4.1)
and the corresponding eigenfunctions
φj(x) =
1
(2π)d/2
e〈j,x〉
form a basis in the domain of the operator.
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Introducing v = ut, (1.1) reads
ut = v,
vt = −A2u− εf(u).(4.2)
Letting
(4.3) q =
1√
2
A
1
2u−√−1 1√
2
A−
1
2 v,
we obtain
(4.4) −√−1qt = Aq + ε√
2
A−
1
2 f
(
A−
1
2
(
q + q¯√
2
))
.
Equation (4.4) can be rewritten as the Hamiltonian equations
(4.5) qt =
√−1∂H
∂q¯
,
and the corresponding Hamiltonian is
(4.6) H =
1
2
(Aq, q) + ε
∫
Td
g
(
A−
1
2
(
q + q¯√
2
))
dx,
where (·, ·) denotes the inner product in L2 and g is a primitive of f .
Let
(4.7) q(x) =
∑
j∈Zd
qjφj(x).
Thus system (4.5) is equivalent to the lattice Hamiltonian equations
(4.8) q˙j =
√−1
(
λjqj + ε
∂G
∂q¯j
)
, G(q, q¯) :=
∫
Td
g
∑
j∈Zd
qjφj + q¯jφ¯j√
2λj
 dx
with the corresponding Hamiltonian function
(4.9) H(q, q¯) =
∑
j∈Zd
λjqjq¯j + εG(q, q¯).
Since f(u) is real analytic in u, g(q, q¯) is real analytic in q, q¯. Making use of
(4.10) q(x) =
∑
j∈Zd
qjφj(x)
again, we may rewrite g(q, q¯) as follows
(4.11) g(q, q¯) =
∑
α,β
gαβqαq¯βφαφ¯β .
Hence,
(4.12) G(q, q¯) :=
∫
Td
g
∑
j∈Zd
qjφj + q¯jφ¯j√
2λj
 dx =∑
α,β
Gαβqαq¯β ,
where
(4.13) Gαβ = 0, if
∑
j∈Zd
(αj − βj)j 6= 0.
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To simply the proof, we assume f(u) = u3 without loss of generality. following
example 3.2 in [9], we have
(4.14) ‖ XG(q(1),q(2),q(3)) ‖p≤ cp ‖ z3 ‖ p, d,
and
(4.15) ‖ XG(q(1),q(2),q(3)) ‖d≤ cp ‖ z3 ‖ d, d.
Furthermore, as in [25], the perturbation G(q, q¯) is more regular in the following
sense
(4.16) ‖ XG(q(1),q(2),q(3)) ‖p+2≤ cp ‖ z3 ‖ p, d.
As in [29], the perturbation G(q, q¯) in (4.8) has the following regularity property.
Lemma 4.1. For any fixed p > d/2, the gradient Gq¯ is a map in a neighbourhood
of the origin with
(4.17) ‖ Gq¯ ‖p+2≤ c ‖ q ‖3p .
Next we introduce standard action-angle variables
(4.18) (x, y) = ((x1, . . . , xn), (y1, . . . , yn))
in the (qj1 , . . . , qjn , q¯j1 , . . . , q¯jn)-space by letting
(4.19) qji =
√
yie
√−1xi , 1 ≤ i ≤ n, ji ∈ S,
and
(4.20) qj = zj, q¯j = z¯j, j ∈ Zd1 .
So system (4.8) becomes
dyi
dt
= −Pθi ,(4.21)
dxi
dt
= ωi + PIi , i = 1, . . . , n,(4.22)
dzj
dt
= −√−1(Ωjzj + εPz¯j),(4.23)
dz¯j
dt
=
√−1(Ωjz¯j + εPz¯j), j ∈ Zd1,(4.24)
where P (x, y, z, z¯) is just G(q, q¯) with the (q, q¯)-variables expressed in terms of the
(x, y, z, z¯)-variables. The Hamiltonian associated to (4.21)-(4.24) (with respect to
the symplectic structure
∑n
i=1 dyi ∧ dxi +
√−1∑j∈Zd1 dzj ∧ dz¯j) is given by
(4.25) H(x, y, z, z¯; ξ) = 〈ω(ξ), y〉+
∑
j∈Zd1
Ωj(ξ)zjz¯j + P (x, y, z, z¯; ξ).
Based on (3.12) in [28], the relationship (3.5) is satisfied. Note that G(q, q¯) has
p-tame property, and introducing action-angle variables is a coordinate symplectic
transformation, so P (x, y, z, z¯) has p-tame property.
Finally, we obtain a Hamiltonian H(x, y, z, z¯; ξ) having the following form
(4.26) H(x, y, z, z¯; ξ) = N(x, y, z, z¯; ξ) + P (x, y, z, z¯; ξ),
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where
(4.27) N(x, y, z, z¯; ξ) = H0(w, w¯) =
n∑
i=1
ωi(ξ)yi +
∑
j∈Zd1
Ωj(ξ)zjz¯j,
with the tangent frequency
(4.28) ω(ξ) = (ωi(ξ))1≤i≤n, ωi = |ji|22 + ξji ,
and the normal frequency
(4.29) Ω(ξ) = (Ωj(ξ))j∈Zd1 , Ωj(ξ) = |j|
2
2 + ξj,
In view of (4.28) and (4.29), Assumption (1) in Theorem 3.1 satisfies.
In view of (4.15), (4.16) and noting that the coordinate transformation of action-
angle variables preserves p-tame property, R = εG satisfy Assumption (2) in The-
orem 3.1.
Moreover, based on (3.12) in [28], Assumption (3) in Theorem 3.1 satisfies.
Hence, all assumptions in Theorem 3.1 hold. According to Theorem 3.1, we
obtain a KAM normal form of order 2, where the nonlinear terms satisfy p-tame
property.
Furthermore, we obtain a KAM partial normal form of order M + 2 where the
nonlinear terms satisfy p-tame property based on Theorem 3.4.
Finally, based on Theorem 3.5, for each ξ ∈ Π˜ ⊂ Πη, the KAM torus Tξ for
equation (1.1) is sticky, i.e. for any solution u(t, x) of equation (1.1) with the initial
datum satisfying
dHp0 [0,π](u(0, x), Tξ) ≤ δ,
then
dHp0 [0,π](u(t, x), Tξ) ≤ 2δ, for all |t| ≤ δ−M.

5. The measure of the non-resonant set Π˜
In this section, we will show that for most ξ, the frequencies ω˘(ξ) and Ω˘(ξ) are
(η˜,N ,M)-non-resonant. More precisely, we have the following lemma:
Lemma 5.1. The non-resonant set Π˜ defined in (3.20) satisfies the following esti-
mate
(5.1) Meas Π˜ ≥ (Meas Πη)(1 − cη˜),
where c > 0 is a constant depending on n.
Proof. Firstly, we will show the frequencies ω˘(ξ) and Ω˘(ξ) are twist about the
parameter ξ. Precisely, in view of (3.2) and (3.12) we have
(5.2) |∂ξji ω˘i(ξ)| ≥ 1− cη8ǫ, 1 ≤ i ≤ n,
and
(5.3) |∂ξj ω˘i(ξ)| ≤ cη8ǫ, j 6= ji.
Moreover, in view of (3.3) and (3.13), we have
(5.4) |∂ξjΩ˘j(ξ)| ≥ 1−
cη8ǫ
|j|22
, j ∈ Zd1,
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and
(5.5) |∂ξj′ Ω˘j(ξ)| ≤
cη8ǫ
|j′|22
, j′ 6= j, j′ ∈ Zd, j ∈ Zd1.
Secondly, we will estimate the measure of the resonant sets Rkl˜lˆ.
Case 1.
For |k| 6= 0, without loss of generality, we assume
(5.6) |k1| = max
1≤i≤n
{|k1|, . . . , |kn|}.
Then
|∂ξj1 (〈k, ω˘(ξ)〉+ 〈l˜, Ω˜(ξ)〉+ 〈lˆ, Ωˆ(ξ)〉)|
≥ |k1||∂ξj1 ω˘1(ξ)| −
∣∣∣∣∣∂ξj1
(
n∑
i=2
kiω˘i(ξ) + 〈l˜, Ω˜(ξ)〉 + 〈lˆ, Ωˆ(ξ)〉
)∣∣∣∣∣
≥ |k1|(1− cη8ǫ)−
(
n∑
i=2
|ki|+ |l˜|+ |lˆ|
)
cη8ǫ
(in view of (5.2)- (5.5))
≥ |k1| − (|k|+M+ 2)cη8ǫ (in view of |l˜|+ |lˆ| ≤ M+ 2)
≥ 1
4
|k1| (by (5.6) and M≤ (2cη8ǫ)−1)
≥ 1
4
.
Hence,
(5.7) Meas Rkl˜lˆ ≤
4η˜
43M(|k|+ 1)τC(N , l˜) ·Meas Πη.
Case 2.
If |k| = 0 and |l˜| 6= 0, without loss of generality, we assume
|l˜j′ | 6= 0
and let
A := { j | 1 ≤ |j|2 ≤ N , j ∈ Zd1}, A1 := A \ {j′}.
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Then
|∂ξj′ (〈k, ω˘(ξ)〉 + 〈l˜, Ω˜(ξ)〉 + 〈lˆ, Ωˆ(ξ)〉)|
≥ |l˜j′ ||∂ξj′ Ω˘j′(ξ)| − |∂ξj′ (〈l˜, Ω˜(ξ)〉+ 〈lˆ, Ωˆ(ξ)〉 − l˜j′Ω˘j′(ξ))|
≥ |l˜j′ |
(
1− cη
8ǫ
|j′|22
)
−
(∑
i∈A1
|l˜i|+ |lˆ|
)
cη8ǫ
|j′|22
(by (5.4) and (5.5))
≥ |l˜j′ | −
(
|l˜|+ |lˆ|
) cη8ǫ
|j′|22
≥ |l˜j′ | − (M+ 2) cη
8ǫ
|j′|22
(in view of |l˜|+ |lˆ| ≤ M+ 2)
≥ |l˜j′ | − 3
4|j′|22
(in view of M≤ (2cη8ǫ)−1 and |j′|2 ≤ N )
≥ 1
4
.
Hence,
(5.8) Meas R0l˜lˆ ≤
4η˜
43MC(N , l˜) ·Meas Πη.
Case 3.
If |k| = 0, |l˜| = 0 and 1 ≤ |lˆ| ≤ 2, then it is easy to see that |〈lˆ, Ωˆ(ξ)〉| is not small,
i.e.
(5.9) the sets Rkl˜lˆ are empty for |k| = 0, |l˜| = 0 and 1 ≤ |lˆ| ≤ 2.
Now we would like to estimate the measure of R (see (3.19)). Following the
notations in [11], we define the set
Zn,N :=
{
(k, l˜, lˆ) ∈ Zn × ZN × ZN \ (0, 0, 0) : |lˆ| ≤ 2
}
and we split
L :=
{
lˆ ∈ ZN : |lˆ| ≤ 2
}
as the union of the following four disjoint sets:
L0 = {lˆ = 0},
L1 = {lˆ = ej},
L2+ = {lˆ = ei + ej},
L2− = {lˆ = ei − ej, i 6= j},
where
ej : the j− th position is 1,
and |i|2, |j|2 ≥ n+N + 1.
Let |lˆ| = 2 and lˆ = ei + ej ∈ L2+ for some |i|2, |j|2 ≥ n+N + 1. If
min{|i|22, |j|22} ≥ |k| · ||ω˘(ξ)||+ 2(M+ 2)N 2 + 1,
then it is easy to see that∣∣∣〈k, ω˘(ξ)〉+ 〈l˜, Ω˜(ξ)〉+ 〈lˆ, Ωˆ(ξ)〉∣∣∣ ≥ 1,
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which is not small. Namely, the resonant sets Rkl˜lˆ is empty. So it is sufficient to
consider
max{|i|22, |j|22} < |k|· ‖ ω˘(ξ) ‖ +2(M+ 2)N 2 + 1,
when the estimate (5.10) is given below. In fact, we obtain
Meas
⋃
(k,l˜,lˆ)∈Zn,N
⋂L2+
Rkl˜lˆ
≤
∑
k 6=0,(k,l˜,lˆ)∈Zn,N
⋂L2+
4η˜
43M(|k|+ 1)τC(N , l˜) ·Meas Πη
+
∑
k=0,(k,l˜,lˆ)∈Zn,N
⋂L2+
4η˜
43MC(N , l˜) ·Meas Πη
≤ c1η˜ ·Meas Πη,(5.10)
where c1 > 0 is a constant depending on n and τ.
Similarly we obtain
(5.11) Meas
⋃
(k,l˜,lˆ)∈Zn,N
⋂L0
Rkl˜lˆ ≤ c2η˜ ·Meas Πη,
and
(5.12) Meas
⋃
(k,l˜,lˆ)∈Zn,N
⋂L1
Rkl˜lˆ ≤ c2η˜ ·Meas Πη,
where c2 > 0 is a constant depending on n and τ . Now let
(k, l˜, lˆ) ∈ Zn,N
⋂
L2−,
and assume |i|2 > |j|2 without loss generality. In view of (3.3) and (3.13), there is
a constant C > 0 such that ∣∣∣∣∣ Ω˘i(ξ)− Ω˘j(ξ)|i|22 − |j|22 − 1
∣∣∣∣∣ ≤ C|j|22 .
Hence,
〈lˆ, Ωˆ(ξ)〉 = Ω˘i(ξ)− Ω˘j(ξ) = |i|22 − |j|22 + rij,
with
|rij| ≤ Cm|j|22
,
and m = |i|22 − |j|22. Then we have∣∣∣〈k, ω˘(ξ)〉 + 〈l˜, Ω˜(ξ)〉+ 〈lˆ, Ωˆ(ξ)〉∣∣∣ ≥ ∣∣∣〈k, ω˘(ξ)〉 + 〈l˜, Ω˜(ξ)〉 +m∣∣∣− |rij|.
Therefore,
Rkl˜lˆ ⊂ Qkl˜mj :=
{∣∣∣〈k, ω˘(ξ)〉 + 〈l˜, Ω˜(ξ)〉 +m∣∣∣ ≤ η˜
43M(|k|+ 1)τC(N , l˜) +
Cm
|j|22
}
.
For |j|2 ≥ |j0|2, we have
Qkl˜mj ⊂ Qkl˜mj0 .
Then it is sufficient to consider
m ≤ |k|· ‖ ω˘(ξ) ‖ +2(M+ 2)N 2 + 1,
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and let
|j0|2 = η˜−1/24M(|k|+ 1)τ/2C(N , l˜)1/2.
Then following the proof of Lemma 5 in [11], we obtain
(5.13) Meas
⋃
(k,l˜,lˆ)∈Zn,N
⋂L2−
Rkl˜lˆ ≤ c3η˜1/2 ·Meas Πη,
where c3 > 0 is a constant depending on n and τ . Finally, in view of (5.10)-(5.13)
and (3.19), we obtain
(5.14) Meas R ≤ cη˜1/2 ·Meas Πη,
where c is a constant depending on c1, c2, c3, n and τ . Then combining (3.20) with
(5.14), we finish the proof of (5.1).

6. Appendix: Properties of the Hamiltonian with p-tame property
In this section, we will discuss some properties of p-tame norm, which are proven
in [15] (or can be proven by a parallel way).
Lemma 6.1. (Estimation of the Poisson brackets) Suppose that both Hamiltonian
functions
U(x, y, z; ξ) =
∑
β∈NZd1
Uβ(x, y; ξ)zβ ,
and
V (x, y, z; ξ) =
∑
β∈NZd1
V β(x, y; ξ)zβ ,
satisfy p-tame property on the domain D(s, r, r) ×Π, where
Uβ(x, y; ξ) =
∑
α∈Nn
Uαβ(x; ξ)yα,
and
V β(x, y; ξ) =
∑
α∈Nn
V αβ(x; ξ)yα.
Then the Poisson bracket {U, V }(x, y, z; ξ) of U(x, y, z; ξ) and V (x, y, z; ξ) with re-
spect to the symplectic structure
∑n
i=1 dyi ∧ dxi +
√−1∑j∈Zd1 dzj ∧ z¯j has p-tame
property on the domain D(s − σ, r − σ′, r − σ′) × Π for 0 < σ < s, 0 < σ′ < r/2.
Moreover, the following inequality holds
|||X{U,V }|||Tp,D(s−σ,r−σ′,r−σ′)×Π
≤ Cmax
{
1
σ
,
r
σ′
}
|||XU |||Tp,D(s,r,r)×Π|||XV |||Tp,D(s,r,r)×Π,(6.1)
where C > 0 is a constant depending on n.
Denote XtU by the flow of the Hamiltonian vector field of U(x, y, z; ξ). It follows
from Taylor’s formula that
(6.2) V ◦XtU (x, y, z; ξ) =
∑
i≥0
ti
i!
V (i)(x, y, z; ξ),
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where
V (0)(x, y, z; ξ) := V (x, y, z; ξ), V (i)(x, y, z; ξ) := {V (i−1), U}(x, y, z; ξ).
Then based on (6.1) in Theorem 6.1 and (6.2), we have the following theorem,
which can be parallel proved following the proof of Theorem 3.3 in [15]:
Lemma 6.2. (Estimation of the symplectic transformation) Consider two Hamilto-
nians U(x, y, z; ξ) and V (x, y, z; ξ) satisfying p-tame property on the domain D(s, r, r)×
Π for some 0 < s, r ≤ 1. Given 0 < σ < s, 0 < σ′ < r/2, suppose
|||XU |||Tp,D(s,r,r)×Π ≤
1
2B
,
where
B = 4Cemax
{
1
σ
,
r
σ′
}
,
and C > 0 is the constant given in (6.1) in Theorem 6.1. Then for each |t| ≤ 1,
we have
|||XV ◦Xt
U
|||Tp,D(s−σ,r−σ′,r−σ′)×Π ≤ 2|||XV |||Tp,D(s,r,r)×Π.
The following theorem will be used to estimate the p-tame norm of the solution
of homological equation during KAM iterative procedure and normal form iterative
procedure, which can be parallel proved following the proof of Theorem 3.4 in [15]:
Lemma 6.3. (The p-tame property of homological equation) Consider two Hamil-
tonians
U(x, y, z; ξ) =
∑
α∈Nn,β∈NZd1
Uαβ(x; ξ)yαzβ,
and
V (x, y, z; ξ) =
∑
α∈Nn,β∈NZd1
V αβ(x; ξ)yαzβ.
Suppose V (x, y, z; ξ) has p-tame property on the domain D(s, r, r) ×Π, i.e
|||XV |||Tp,D(s,r,r)×Π <∞.
For each α ∈ Nn, β ∈ NZd1 , k ∈ Zn, j ∈ Zd and some fixed constant τ > 0, assume
the following inequality holds
|Ûαβ(k; ξ)|+ |∂ξjÛαβ(k; ξ)| ≤ (|k|+ 1)τ (|V̂ αβ(k; ξ)|+ |∂ξj V̂ αβ(k; ξ)|),
where Ûαβ(k; ξ) and V̂ αβ(k; ξ) are the k-th Fourier coefficients of Uαβ(x; ξ) and
V αβ(x; ξ), respectively. Then, U(x, y, z; ξ) has p-tame property on the domain D(s−
σ, r, r) ×Π for 0 < σ < s. Moreover, we have
(6.3) |||XU |||Tp,D(s−σ,r,r)×Π ≤
c
στ
|||XV |||Tp,D(s,r,r)×Π,
where c > 0 is a constant depending on s and τ .
As in [25], define
(6.4) ‖ w ‖Pp,D(s,r,r)=‖ x ‖ + 1
r2
‖ y ‖ +1
r
‖ z ‖p,
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for each w = (x, y, z) ∈ D(s, r, r), and define the weighted norm of Hamiltonian
vector field XU on the domain D(s, r, r) ×Π by
(6.5) |||XU |||Pp,D(s,r,r)×Π = sup
(x,y,z;ξ)∈D(s,r,r)×Π
‖ XU ‖Pp,D(s,r,r) .
Then we have
Lemma 6.4. (Compare p-tame norm with the usual weighted norm for a Hamil-
tonian vector field) Give a Hamiltonian
U(x, y, z; ξ) =
∑
β∈NZd1
Uβ(x, y; ξ)zβ
satisfying p-tame property on the domain D(s, r, r)×Π for some 0 < s, r ≤ 1. Then
we have
(6.6) |||XU |||Pp,D(s,r,r)×Π ≤ |||XU |||Pp+2,D(s,r,r)×Π ≤ |||XU |||Tp,D(s,r,r)×Π.
This theorem can be parallel proved following the proof of the theorem 3.5 in
[15]. Based on Lemma A.4. In [25] and Theorem (6.4), we have the following
estimate:
Lemma 6.5. Suppose the Hamiltonian
U(x, y, z; ξ) =
∑
β∈NZd1
Uβ(x, y; ξ)zβ
has p-tame property on the domain D(s, r, r) × Π for some 0 < s, r ≤ 1. Let XtU
be the phase flow generalized by the Hamiltonian vector field XU . Given 0 < σ < s
and 0 < σ′ < r/2, assume
|||XU |||Tp,D(s,r,r)×Π < min{σ, σ′}.
Then, for each ξ ∈ Π and each |t| ≤ 1, one has
(6.7) ‖ XtU − id ‖p,D(s−σ,r−σ′,r−σ′)≤ |||XU |||Tp,D(s,r,r)×Π.
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